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(i) 


ABSTRACT 


This  thesis  is  devoted  to  a  study  of  a  particular  class  of  sigma- 
monogenic  functions,  namely  those  whose  real  and  imaginary  parts,  u  and  v , 
satisfy 

-cx 

e  u  =  v 

x  y 

-cx 

e  u  =  -v 

y  x 

The  idea  of  a  sigma -monogenic  function  is  explained  in  Chapter  I,  and 

by  solving  Cauchy  problems  we  show  how  to  express  our  E-monogenic  functions 

in  terms  of  analytic  functions.  The  concept  of  correspondence  between 

E-monogenic  and  analytic  functions  is  also  defined  here.  In  Chapter  II,  the 

formal  powers  Z^n\z0,*z)  are  given  and  bounds  on  |  a  *  (  zo;  z)  |  are 

[n] 

determined.  Then  in  Chapter  III,  bounds  on  fL  (z)  ,  the  derivatives  of  a 
E-monogenic  function,  analogous  to  Cauchy' s  inequality,  are  derived  by 
solving  a  Dirichlet  problem  in  a  circle.  We  are  thus  able  to  show  that 

f[n](Zol  z(n) 

n'. 

E-monogenic  in  that  region. 

In  the  Appendix,  an  alternate  proof  is  given  for  our  formulae 


f(z)  =  y 

XT1 


expressing  a  E-monogenic  function  in  terms  of  an  analytic  function. 
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CHAPTER  I 


INTRODUCTION 


In  I9UU,  Bers  and  Gelbart  [l]  considered  the  system  of  equations 


cr,  (x)  u 
1  x 

a2(x)  uy 


Tj(y)  vy 
-T2(y)  v 


X 


(1.1) 


(where  the  subscripts  denote  partial  derivatives).  They  let  z  =  x  +  iy  , 
f(z)  =  u  +  iv  and  introduced  the  E-derivative 


£[ll(z) 


V 

,  •  X 

(7,  U  +1  - 

lx  cr2 


T  V 

1  y 


u 


(1.2) 


and  the  E-integral 

z  z 


J  f ( z )  d^.z  =  J  cr2  u  dx  -  t2  v  dy  +  ^v  dx  +  i  u  dy^  .  (l.'3) 


Functions  f(z)  ,  where  u  and  v  are  of  class  C2  satisfying 
(l.l)  were  called  sigma-monogenic  ( E-monogenic),  where 


Then 


are 


E'  -monogenic  where 


E"  =  E  . 


Clearly 


. 


(0  U  m: 


2 


They  then  introduced  the  generalized  powers  a*Z^n^(z0;z)  ,  where 
a  is  a  complex  constant,  by  the  equations  (~  denotes  class  Z' ) ! 


a^Z^°\z  ;  z) 

'-o(  O  )  / 

=  a  •  Zv  '  (  z  ; 

o 

a*z^1\zo;z) 

-f\  dz,  5 

JZ 

O 

a*2(l)(zo;z) 

=  /  a 

zo 

a  *  Z^ (  zQj  z) 

-  nT.-tf 

Jz 

o 

a*Z^n^(  zQ;z) 

-  »r  a.Z< 

V  w  Z' 


(zo>*0  d J; 


(l.*0 


o 


of  radius 


Bers  and  Gelbart  showed  that  if  f(z)  is 
R  about  zq,  (o\,  positive  analytic) 


Z-monogenic  in  a  circle 
then 


£(z)  =  £  an-  Z(n)(v-z) 

o" 


(1-5) 


for  |z-zo|  sufficiently  small.  The  are  uniquely  determined  by  a 

"Taylor  formula"  as 

f[n],  n 

a  =  1 

n  n'. 


where  f^n^(z) 


is  the  n-th  Z-derivative  of  f(z)  . 


In  later  work  [2],  o\  and  T  were  assumed  to  be  positive  and  of 

class  C2  whereas  in  [l],  or.  and  T.  were  analytic  functions  of  their 

1  1 

respective  real  variables. 
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One  of  the  main  unsolved  problems  in  the  theory  of  Z-monogenic 
functions  is: 


If  f(z)  is  Z-monogenic  in  T.  =  { z,‘  |z-zq|  <  R)  , 
f(z)  =  y  f  [Zo^  .  Z(n)(zo,'z)  in  r? 


is 


0 


We  have  succeeded  in  giving  an  affirmative  answer  to  this  question 
in  the  special  case  where  cr-^  =  ov,  =  e  CX  ,  =  1  . 


One  important  procedure  is  to  set  up  a  correspondence  between 
analytic  functions  and  Z-monogenic  functions/  that  is,  given  any  analytic 
function  f(z)  ,  we  can  find  explicitly  a  Z-monogenic  function  (for  our 
special  case)  which  has  some  of  the  properties  of  f(z).  This  is  done 
by  solving  Cauchy  problems  on  a  parallel  to  the  y-axis. 


We  consider  then  the  special  case 


-cx 

e  u  —  v 
x  y 


-cx 

e 


u 

y 


-V 

X 


(1.6) 
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and,  for  convenience,  assume  that  c  >  0  . 


Assuming  that  u,v 


Au  -  cu 

x 


and  Ay  +  cv 

x 


are  of  class  C2,  it  easily  follows  that 

=  u  +u  -cu  =0 
xx  yy  x 

=  0  . 


The  former  equation  is  that  satisfied  by  the  vorticity  in  plane 
Oseen  flow  [jl* 


It  is  easy  to  see  that  the  general  equation  with  constant 
coefficients 


Au  +au  +  b  u  +cu  =  0 

x  y 


p  p  . 

can  be  reduced  to  this  form  provided  a  +  b  -  4c  >  0  .  This  is  the  case 
when  the  solution  of  the  Dirichlet  problem  for  the  equation  is  unique 
[Paraf1  s  Theorem]. 


In  considering  the  ten#  problem#  mentioned  above  we  shall  assume 
zq  =  0  .  This  is  done  merely  to  simplify  the  works' the  general  case  can 
be  handled  in  the  same  manner.  Also  the  general  formulae  can  be  easily 
obtained  from  ours  by  a  simple  transformation. 

For,  let  z  =  x  +  i  y  and  suppose  we  are  interested  in  equations 
o  o  Jo  rr 

(1.6)  in  a  neighbourhood  of  zq.  Let  X  =  X“Xq  ,  Y  =  y~y0  ,  U  =  e  CX°u, 


-cX 

e 


U 


X 


'  M 


Y 


V  =  v  .  Then 


i  ej  J  it'snoi  Xtiianag  aril  oelA  .isniism  ainee  jrf?  * 

3j  r*>  ic  <>  bi3  a  qmia  u  i  <J  .  -ic  ,t  <  a  3 .  • 


0X  1  +  0X  =  os  1,1  «TO? 
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and  so  we  can  consider  the  last  equation  in  a  neighbourhood  of  X  =  Y  =  0  . 

We  now  give  the  solutions  of  some  Cauchy  problems. 

THEOREM  1.1:  Suppose  f(z)  is  holomorphic  in  a  circle  with  centre  the 

origin  and  radius  R  .  Let  D  be  the  square  whose  vertices  are  (-R,0), 

( 0,  R) ,  (R,0),  and  (0, -R). 


i)  Then,  inside  D  ,  the  function 

1 


u(x,  y  )  =  f(y)  +  —  eCUX(  1-u)  u  du  f  i  cos  0  f '  (  y+2ix  [u(  1-u)  ]  cos  0)d0 

0  ^  0 


is  the  solution  of  Au  -  cu^  =  0  satisfying  the  conditions 
[u  =  f(y)  ,  ^  =  0  ]  on  x  =  0  . 


ii)  u(  x,  y )  =  ~  J  eCUX 

0 


du  J"  f (  y  +  2ix  [u(  1-u)  ] cos  0)  d0 

0 


is  the  solution  in  D  of  Au  -  c  u  =  0  ,  satisfying 

X 

[u  =  0  ,  ^  =  f(y)]  on  x  =  0  . 


iii)  Inside  D  ,  the  function 


^/^  ”  du  f  i  cos  0  f '  (  y+2ix [u(  1-u)  ]  /  cos  0)d0 

Jo 


v(x,  y)  =  f(y)  +  ^  /  e  CUX(  1-u)  '  u 

J0 


is  the  solution  of  Av  +  cv  =0  satisfying  the  conditions 

x 

[v  =  f(y)  ,  =  0]  on  x  —  0  • 

ox 


iv) 


/  N  X  /  -cux 
v(x,y)  -  ~  e 


Tt 


1 1/2 


Tt  , 


0 


du  /  f ( y  +  2ix  [u( 1-u) ]  /  cos  0)  d0 

J  0 


is  the  solution  in  D  of  Av  +  cv  =  0  ,  satisfying 

x 


[v  =  0,  ^  =  f(y)  ]  on  x  =  0  . 


^  •  V  . 
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PROOF:  We  shall  prove  i)  as  the  proofs  of  iii),  iv)  are  the  same  as 

those  for  i),  ii) .  ii)  is  proved  in  a  similar  fashion  to  i)  and  so  we 

only  point  out  the  main  differences. 


i)  First,  it  is  clear  that  the  u  defined  in  i)  above  satisfies  the 
Cauchy  data. 

To  prove  that  it  satisfies  the  equation,  note  that 

f'(y  +  2ix[u(  1-u)  ]  cos  =  f'(y)  +  ( 2ix  [u(  1-u)  ]  ^^cos  ft)  f"(y)  +  .. 


+ 


( 2ix [u( 1-u)  l^^cos  j2Qn  (n+l) 


n'. 


(y)  +  .  .  . 


provided  ( x,  y)  £  D  . 


7t 


So,  since 


2n+l  j>  / 
cos  jo  dfi  =  0  , 


rt 


cos^n  ft  dfti 


=  Tt 


(2nV. 

22n(n'.)2 


we  get 


u  =  f(y)  + 


f  eCUX  du[y(-1)n(l-u)n  u-1  f(2n)(y) 


00 


=  Y  (-1)"  a£n(x)  f(2n)(y) 

o' 


where 


=  1 


a2n(x) 


2n 

_ x _ 

n'.  ( n-l) '. 


CUX  /  v  LI  LL-X  , 

e  ^1-u;  u  du 


n  n-l 


The  term-by-term  integration  in  the  above  is  valid  in  D  as  can 

( 2n) 

be  seen  by  using  Cauchy's  inequality  for  f'  (y). 


’  »c 


. 

' 

■ 
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Note  also  that 
32n 


I  l2n  I 

l  \  |  ^  X  lex 

aoJx)|  1  TTrVr  e 


(2n)'. 


1 


s  ince 


( 1-u) n  un  ^  du 


J0 


rtl  (  n-1 )  l 

(2n)!. 


Now,  if  D  =  ~  , 

dx 


(D2  -  cD)a2  =  1  ,  (D2  -  cD)a2n+2  -  a^ 


To  show  this  write 


a2n(x) 


n'.  ( n-l) I 


x 


/  ^\n  n-l  ct  , 

(x-t)  t  e  dt 


;0 


and  do  an  integration  by  parts  after  differentiating. 


Finally  then,  differentiating 
00 

U  -  Y(-l)n  a2n(x)  f(2n)(y) 

o" 

term-by-term  it  is  easily  seen  that  Au  -  cu^  =  0  . 


ii)  The  proof  of  ii)  proceeds  as  above.  The  only  difference  is  that 


instead  of  a~  we  have 
2n 


0 


x  /  eCUX  du  = 


x 


ct 

e  dt  , 


0 


^2n  = 


2n+l  n 1 

x  /  cux  n/ .  x  n  , 

1  e  u  { 1-u)  du 


0 


x 


(n'  )‘ 


ct  n  /  Nn  , 
e  t  (x-t)  dt  . 


0 


Again,  ( DP  -  cD)A2n  =  A^_2  ,  (n  >  l)  . 


Q .  E .  D . 


r  :  ■ 
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COROLLARY  1.1;  If  f(z)  is  an  entire  function,  then  the  u' s  and  v' s 
defined  above  are  solutions  in  the  whole  plane.  If  f(z)  has  a  singularity 
at  z  =  0  ,  then  u  and  v  are  solutions  for  |xj  <  |yj. 


We  are  now  in  a  position  to  express  our  Z-monogenic  functions  in  terms 
of  an  analytic  function. 


THEOREM  1.2;  i)  Suppose  f(z)  is  holomorphic  in  a  circle  Jz|  <  R  .  Then, 
in  the  square  D  defined  in  Theorem  1.1, 

u  +  iv  =  f(y)  +  —  /  eCUX  (l-u)^/2  u  du  f  i  cos  ft  f '  ( y+2ix  [u(  1  ~u)  ]  cos  ft)  dft 

1  1  *^0  ^0 


-  i 


f ' ( y+2ix [u( 1-u) ] cos  ft)  dft 


is  Z-monogenic  and  satisfies  the  Cauchy  conditions 


u 


8v„  ( x-o )  8u  ( x=o ) 

,(x=o)  =  f ( y )  ,  L  =  -f(y)  ,  — t -  *,(x=o)  =0  . 


ii)  Under  the  above  assumptions  about  domains, 


u^  +  iv^  =  —  f  e°UX  du  f  g* ( y+2ix [u( 1-u) ] ^ 2  cos  ft)  dft 


2  it, 


0 


0 


+  i  -f  g(y)  +  —  f  e  CUX  ( 1-u)1/2  u  ”^2du  j  i  cos  ft  g*  (  y+2 

L  71 J  0  J0 


IX 


[u(l-u)]1/2  cos 


ft)  4ft  J 


is  Z-monogenic  and  satisfies  the  Cauchy  data 


u  (x=0)  =  ^v2^x  =  0  ,  v  (x=0)  =  g(y)  , 

8x 

3U  (x=°) 

— -j- —  =  g  (y)  • 
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PROOFs  i)  As  in  Theorem  1.1,  inside  D  we  have 


oo 


u  - 


(-l)n  a2n(x)  f(2n)  (y) 


0 

CO 


V  (  7  (  \  rk  2n+l)  ,  . 

v  =  )  (-1)  A^x)  f  (y)  » 

0 


where 


aQ(x)  =  1  , 


x 


a2n('X')  n'.(n-l)' 


ct  /  xn  n-1  , 
e  (x-t)  t  dt 


0 


and 


x 


o 


-ct  jf 
e  dt 


0 


r  1  fX  -ct  ,  xn-l  n-1  , 

2n-2  =  Ktl')’.]"  JQ  *  (x't}  C  dt 


Now,  we  easily  see  that 


A  -  e  CX  a*  =  0  (n  >  l)  where 

2n-2  2n  — 


differentiation  with  respect  to  x  . 


So, 


-cx 

e  u  =  v 
x  y 


Also 


V  -  e'“  a2n  “  0  (nt0) 


and  thus 


-cx 

e  u  =  -v 

y  x 


ii)  With  u  and  v  defined  in  ii)  we  have 


denotes 


'  ' 


-  10 


where 


and 


Now, 


and  so 


Also, 


and  so 


00 


u  = 


(-DnA2n(X)  g(2n+1>(y) 


0 

00 

v=V  (-l)n  I2n(x)  g^2n\y) 


0 


a  =1 
o 


x 


2n  nl (n-l)l 


-ct  /  ^n  n-1  , 
e  (x-t)  t  dt 


0 


A 


x 


et  . 
e  dt 


'0 


2n  (nl ) 


2 


ct  ,  ,n  n  , 
e  (x-t)  t  dt 


0 


e'CX  A2„  *  a2n  =  ° 


-cx 

e  u  =  v 

x  y 


-cx 

e  A 


2n-2  ‘  a2n 


=  0  (n  >  1) 


-cx 

e  u 


-v 


x 


Q  .  E  .  D . 


We  can  now  define  a  Z-monogenic  function  "corresponding"  to  an 
function. 


DEFINITION  1.1:  If  F‘(z)  is  an  analytic  function  in  |zj  <  R  , 

the  Z-monogenic  function  corresponding  to  F(  z)  at  ZQ~°  i-s 

U  +  iV  =  (u1  +  iv1)  +  (u2  +  iv2) 

where  ( u^  +  iv^),  ( u2  +  iv^)  are  defined  in  Theorem  1.2,  and  where 


analytic 


then 


-  11 


f (  y)  =  Re  F(0  +  iy) 
g(y)  =  Irri  F(0  +  iy)  . 

U  +  IV  is  defined  in  the  square  D  described  in  Theorem  1.1. 

For  example,  let  F(z)  =  x  +  iy  .  Then  f(  y)  =  0  ,  g(y)  = 


So 


U  +  iV  =  0  +  -  f  eCUX  du  /  d0'  +  i[y  +  -  f  ecu*(l-u)1/>2 u'^2 

nJo  Jo  *Jo 


Tt 


du  /  i  cos  j6  ] 
J  0 


l(eCX-l) 


+  iy 


This  is  1*Z^  1^(0,*z)  =  1  "* (  0;  z)  . 


Again,  let  F(z)  =  iz  =  ix  -  y  .  Then  f(y)  =  -y  ,  g(  y)  =  0  , 


and 


tt  x  T  cux  (  i  \V2  -l/2 

U  +  iV  =  -y  -  —  /  e  ( 1-u)  u  du 

0 


n 


i  cos  jd  dd  +  — 


0 


Tt 


-cux . 
e  du 


0 


■y  +  7  (i- 


-CX\ 

e  )  . 


(  1  \ 

This  is  i-Zv  ;(0,*z). 


We  shall  show  that  these  examples  indicate  the  general  situation, 

n  /  q  \ 

namely  that  the  Z-monogenic  function  corresponding  to  z  is  Zv  (0,*z) 

the  function  corresponding  to  iz  is  i*Zv  ^(0,*z).  Thus  the  function 

n  ( n) 

corresponding  to  az  is  a*Zv  /(0,*z)  . 


and 


-  12 


00 

It  therefore  follows  that  if  F(z)  =Va  z11  ,  jzl  <  R  , 

n  11 

0 

00 

then  the  corresponding  function  is  a  *Z^n^(0,‘z)  ,  z  £  D  .  Thus  our 

L n 
o 

definition  of  a  corresponding  function  coincides  with  that  of  Bers  and 
Gelbart . 


Unfortunately,  given  a  H-monogenic  function  U  +  iV  ,  we  do  not 
know  how  to  find  the  analytic  function  to  which  it  corresponds .  Thus  we 
can  not  prove  the  Generalized  Taylor's  Theorem  in  this  manner. 
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CHAPTER  II 


(  n\ 

THE  POWERS  a • Zy  y(z  ;z)  AND  THEIR  BOUNDS 

v  o  ' 


We  first  give  explicit  formulae  for  the  powers  Z^n\zQ;z)  and 

( n) 

i*Z  (z  ;z)  defined  originally  by  Bers  and  Gelbart  by  equations  (l.if). 
o 

Then  using  these  we  show  that 

ja*Z^n\ojz)|  <  2^^  (n+l)  |  a  j  e  ■  CX  ’  rn  (r  =  ( x2+y2)  =  |z|) 


where 


then 


We  next  show  that  if  f(z)  is  2>  monogenic  in  a  circle  jzj  <  R  , 


-  cx  . 
e  1 


e 


[n] 

f  (0) 


< 


K  n*. 


n 


where  K  does  not  depend  on  n  and  r<R.  These  bounds  then  suffice  to  show 

Zv“y  ( o ;  z )  converges  for  |z|  <  R  and  it  then  follows 


where 

K 

00 

T — 1 

that 

I 

o 

(  from 

the 

!  zj  < 

R  . 

f[nl(°)  •  In- 


n. 


•  Mo;*)  for 


n'. 


o 


As  the  first  step  in  this  programme  we  have  the  following  result! 


THEOREM  2.1s  Suppose 

and 


roV11;/  \  (n)  .  (n) 

Z  (  z  ;  z )  =  uv  +  i  v 

.  „(  n)/  \  — (n)  .  — (n) 

l  *  Z  \z  ;  z)  =  u  '  +  i  v 

v  o  / 


,  (n)  (n)  — (n)  — (n)  ..  ,  .  .  .  ^  ^ 

where  u  ,  v  ,  u  ,  v  are  real  and  n  is  an  integer  >  0  . 


Then 


-  Ik  - 


(2n) 

u  (z0?,z)  = 


It 


n 


i  cos  0 


0 


Mx-xq)2  u(l-u)]n-1  -^2n  P2n  ^ 


0>  1 

r 1  ec«(x-x0) 

J 

0 

X-XQ) [ u(  l-u) 31/2 

)s  J 

rlecu (x-xo) 

J 

( 

0 

p 

P2n 

^[(y-yj2  ■ 

12n-l 


d0  r  du 


y-y. 
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y  -  y. 


y-yf 


t(y-y^)2  +  Kx-x  )2  u(l-u)]1//2  2nl V  [  (  y-  y  )  x-  x  )  2u(l  -  u  J  U 


where  ^n(z)  is  Legendre's  Polynomial. 


(2n+l),  .  \  (-l)neCX°  (2n+l)(x-x0)  f  pcu(x-xD) 

u  \z,o>z)  =  ' — - *  / 


Tt 


(y-y0  +  2i(x-x0) [u(l-u)] 


1/2  . 


cos  @)2n  d0 


du 


=  (“l)n  eCX°  (2n+l)(x-x0)  f  eCl^X  X°^  [(y-y0)2  +  4(x-xQ)2  u(l-u)]n  * 


.  P 


y-y. 


2n 


t(y-y0)2  +  Kx-x^i-u)]^/  du 


t*n\zn;z)  =  e"CX°  2n^~1)n"1  tx~xJ  J'e’C^’X  0) 

J  0 


jt 


jt 


(y-yD  +  2t(x-xo)- 


[u( l-u)]1/2  cos  ©)2n  1 


d© 


du 


15  - 


e  C  °  (*l)  1  2n(  x-x^)  ^  eCU^X  Xo^  [(y-yQ)2  +  4(x-xQ)2u(  1-u)  ]n  ^  ' 


o 


0 


.  P 


y-yQ 


2n  1  \[(y-yQ)2  +  Hx-x0)2u(i-u)]^^  du 


V 


(2n+l)/  .  .  ,  ,n,  \2n+l  ( -l)"(  x-xn)( 2n+l)  /  .1/2  -1/2 

(z0,’z)  =  (-1)  (y-yD)  +  ^  /  ( 1-u)  u 


'0 


-cu(x-xD)  2 n 


2n  -1 


i  cos  9  Uy-y^)+2i(x-x  )  [u(l-u)]1/2  cos  0  ]  d0 


o'  o 


0 


du 


=  (-I)n(y-y0)2n+1  +  (-i)n  2(x-xo)2  r1e-(x-xo)(i.u)  • 


0 


ru 


.1/2 


[(y-yo)  +Mx-xq)2u(  1-u)  ]  1  (2n+l)  * 


y-y 


o 


y-yf 


'2n+l . ' 


t(y-y0)2  +  2 ( x - Xq ) 2  u(i-u)]^2  [(y-y0)2+Mx-xo)2u(  i-u)  ]1//2 


•  pi 

2n+l 


y-y 


o 


.[(y-yQ)2  +  ^(x-xq)2  u(i-u)] 


du 


mi  .  r  — (2n)/  \  (2n+l) 

The  expressions  for  u  \z^;z)  ,  u 

^2n+1\zo;z)  become  obvious  from  Theorem  1.2. 


(z  ;z)  ,  v^2n\  z  ;  z)  , 


PROOF:  We  note  that  the  second  form  involving  P  (z)  is  easily  obtained 


n 


from  the  first  by  using  Laplace's  Integral 


“  [y-yQ  +  i  £  cos  j2 i]n  =  [(y-yo)2  +  ^2]n/2  p 

J0 


y-y. 


nl[(y-y0)2n2] 


2,  „2l  1/2 


/ 


-  1 6  - 


The  first  forms  for  i/n^,  (and  thus  u^n',J  v^n^)  are  obtained 

from  Definition  1.1  and  Theorem  1.2  by  assuming  that  Z'11'*  is  the  function 
corresponding  to  zn  and  that  i*Z^n^  is  the  function  corresponding  to 


LZ 


n 


Thus  Theorem  1.2  shows  that  these  functions  are  Z-monogenic  in  the 
whole  plane. 

Next,  it  is  easily  seen  that  for  these  functions 


dzz 


dz* 

d^-,8  z 


Z^nJ(z  ,  z )  = 

n-l) 

n  Zv 

0 

2(n)(zo;z)  = 

7(n-l) 
n  Z 

for  instance, 

the  case 

(z  :z) 


O' 


Z(2p)(z0,-z) 

z 


dv^2p)  .  du 


dy 


(2P) 
1  by 


from  (l.2) 


2p( 2p-l)  e~CX°  ( -l)P~1(x~xo)  r1e-cu(x-x0) 


0 


[  r  (y-yQ  +  2i( x-xq ) [u( 1-u ) ] cos  ©)2p  d  d@]  du 


0 


.i{(.1)P2p(y-yo)2p“1+  ^1)P  2P(2P:11^ 


jt 


0 


1ecu(  x_xo)  d-u)1/2  u'1/2  |  rn 


i  cos  9 


[y-yo  +  2i( x-xo) [u( 1-u) ] ^2  cos  ©]  d© Y  du 


2  p  - 1 )  /  \ 

=  2p  Z  ;(z0,"z) 
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since,  clearly,  differs  from  Z^n^  only  by  changing  c  to  -c  . 


Next,  it  is  obvious  that 


z(n)( 


zo’zo 


)  -  2(n)(z0;z0: 


0 


n  >  1 


i»Z^ny(zQ;z0)  =  i-2(n)(z0,-z0)  = 


0  ,  n  >  1  . 


Thus,  for  n  >  1  , 


2(n)(zo;z) 


=  n 


V'a'1>  (zo;o  d2,e 


i-z(n)(Zo;z) 


^  n^(  zc; z) 


>\j(  n )  /  \ 

l-z'  ;(zD;z) 


=  n 


=  n 


i-*”'0  (,o;»  dy,t 


o 


(zo;0 


o 


Z  / 


n  J  i-Z1'"'1-’  (zo;0 
Zo 


Also, 


o 

N 

O 

'•*  o 

N 

-  ?(o)  (v-*) 

(o)(Z0  ’z) 

=  i-Y°^  (zo;z) 

Thus  the  formulae  we  have  given  above  for  Z'n'(zo,*z)  and 
i •  Z^  (  z  ,*  z)  agree  with  those  obtained  by  successive  integration  as  in 
equations  Q.E.D. 

COROLLARY  2.1s  We  can  also  define  L(z0;z)  and  i°L(z0,°z)  as  the  functions 

corresponding  to  log  (z-zQ)  and  i  log  (z-z  )  respectively  and  ZkCL\zq;z)  , 
i 0 Z^0^ ( z  ; z)  as  the  functions  corresponding  to  (z-zQ)a  ,  i(z-z0)a  for  a  any 
real  number.  These  definitions  give  Z-monogenic  functions  for  y  >  yQ  (or  y  <  y  ). 
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Then  in  y  >  yQ  (or  y  <  yj 


d jX( ZQ>Z) 

V 

=  Z'  ”1  \ z  ;z) 

v  o 

ci^i-Ll  z0,*z) 

=  L\zo;z) 

d„z 

dEZ^a)(  zq;z) 

dEZ 

(a) 

yz  (v°z) 

dEZ 


a 


a 


^(a'1)(zo;z) 

i-^z^z) 


The  proof  is  the  same  as  in  the  above  theorem. 


Next,  bounds  for  jz^  (z  ,*z)j  and  ji°Z^  '(z  *z)|  are  obtained 


(n). 


Without  loss  of  generality,  let  zQ  =  0 


LEMMA  2.1 l  For  zQ  —  0  ,  and  n  an  integer  >  0  , 


(2n)| 

< 

e 

cx  1 

(2n+l)  r2n 

( 2n+l) | 

< 

e 

cx  I 

(2n+l)  r2n+1 

(2n)  ! 

< 

e 

cx  | 

( 2n)  r2n 

(2n+l) | 

< 

e 

cx  | 

(2n+2)  r2n+1 

— (2n) | 
u  | 

< 

e 

cx  | 

(2n)  r2n 

^2n+l)| 

< 

e 

cx 

(2n+2)  r2"*1 

-(2n)| 

V 

< 

e 

cx  | 

(Sn-hl)  r2n 

— (2n+l) | 

e 

cx  j 

(2n+l)  r2n+1 

-  19  - 


where  r 


PROOF : 
u(2n)( 


We  will  show  the  calculations  involved  in  obtaining  the  bounds  on 
z)  ,  as  the  others  are  analogous. 


Since 


|y+2  ix  [u  (1-u)]1/2 


cos  9 


=  y2  +  *J-x2u(  1-u)  cos2  9 

<  y2  +  x2  (0  <  u  <  l) 

I  ,  •  I  2 

=  |x  +  iy |  , 


then  |  ~  f  i  cos  9(  y  +  2ix  [u(  1-u)  ]  ^  2  cos  9)2n  ^d9  j  <  ^|x+iy|2n  ^  f*  |  cos  9  I  d9 


'0 


0 


=  -|x+iy| 


2n-l 


Now  from  the  first  formula  of  Theorem  2.1  we  have 


(2n),  \  /  \n  J  2n  2nx 

uv  '(o,‘z)  -  (-1)  <  y  +  — 


P1  CUX/  ,'l/2  -l/2  P*.  Q 

/  e  (1-u)  '  u  du  /  r  cos  9 

0  '  ^0 


(y  +  2ix  [u(  1-u)]1'  2  cos  9)  d9 


\ 


Therefore, 

|u(2n)(o,-z)  I  <  y2n  +  e|cxi  Ix+iyl2"’1  [\  1-u)1/2  a’1/2  du 

71  •  ^0 

2n  '  i  1  | cx  j  1  .  i2n-  l 

=  y  +  2q |x |  e  |x+iy | 

I  I  2n-l 

<  e  ^  CX  | x+iy |  [ | y |  +2n|x|]  . 


Clearly,  max  [|y|  +  2n|x|]  is  r(Un2+l)1/2  . 


Hence 

Iu(2n)|<  e|cxhx+iy|2n  (l*n2+l)l/2 

<  Jcxl(2n+1)  r2n  . 

Q.E . D. 
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THEOREM  2 . 

where  r 

PROOF ; 
Then,  | a 


Also,  ja* 


COROLLARY 


From  this  Lemma,  the  following  theorem  then  follows . 


2s  | a ° (  o,° z)  I  <  2'  2(  n-il  )  ja|  e  C  *  :  r11 

=  (x^y2)1/2. 


n  >  1  , 


Let  a  =  a  +  iB  where  a  and  P  are  real. 

Z^2n\o;z)|  =  |  a.  Z^2n\o;z)  +  P  i°  2>  2n\ o,*  z)  | 

=  [a  u(  2n^  +  i  P  ^-2n^  +  i  a  v‘  2n'J  +  P  u'v-2n^  | 

<  21/2|a|  [|J2n)|%  |u(2n)|2  +  |v(2n)|2+ 

(by  Schwarz" s  inequality) 

<  2 | a |  e  CXl  r2n  ((2n+l)2  +  (2n)2]1/2 

<  25/2  (2n+l)  | a |  e • CX '  r2n  . 

( 2n+l)/  vi  i  ( 2n+l)  „  Q  — (2n+l)  .  (2n+l)  R  — (2n+l) i 

i  •  J(o;z)  j  =  Sec  u  7  +  r  P  v"  7  +  l  a  v  +  p  uv  7  j 

l/2  |  |  r I  (2n+l) i 2  1— ( 2n+l) 1 2  1  (2n+l),2 

<  2  /  I  a  |  [  j  u  7  |  +  |vv  7  |  +  \v  \  + 

1— (2n+l)  I2-,1/2 

+  I  u  |  J 

<  21/2  |  a  |  (2(2n+l)2  +  2(2n+2)2]i//2  e'CX:  r2n~^ 

<  23/2  | a |  (2n+2)  e ^ CX I  r2n+1. 

Q .  E  o  D » 


2.2: 


z(n)( 


z  i  z 
oT 


)  I  <  25/2  ( n+l) 


a 


e 


CX  I  -H  CX, 


n 


where  r  =  [(x-xq)2  +  (y-yQ)2] 


and  n  >  0  . 
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PROOF : 
by  (x-xQ) 


Everything  is 
y  by  (y-yQ) 


as 


f  \ 

with  a#Z^  (o^z)  except  that 
and  there  is  a  factor  e  °  or 


x  is 


-cx 
e  ° 


ecx0-cux0 


I 


1-u) 


< 


0  <  u  <  1 


and  so  the  result  follows. 


replaced 

Now, 

9 
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CHAPTER  III 

ESTIMATES  ON  THE  DERIVATIVES  OF  f(z)  AND  THE 
GENERALIZED  TAYLOR'S  THEOREM, 


We  wish  to  show  that  if  f( z)  is  Z-monogenic  in  |z|  <  R  ,  then 


00 


,( n), 


f(z)  =  )  a^"  Zv  '(0;z) 


0 


where  a 


f[n](0) 


n 


n« 


Now  we 

already  have 

bounds  on 

|z^n\of 

obtain  bounds  on 

f[nl(0)  . 

Here, 

Jo],  \ 

f  ( z) 

=  f(z)  = 

u  +  iv 

M,  N 
f  ( z) 

V 

dzz 

v  -  iu 

y  y 

,  ^  [n-' 

r  dsf 

iL  ^ 

{  z) 

f[nl(z) 

\  V 

"]  dz'f[n' 

> 

11(D 

l  dz'z 

9 

now 


,  if  n  is  odd 


,  if  n  is  even 


Hence, 


f[2n],  . 

£  (z)  = 

^2n 

(_l)nd  u 

V  l)  .  2n 
oy 

+  y-D  2n 

oy 

[2n-! ] /  , 
f  ( z) 

=  ( -l)n-1 

v2n-l 

J  +  iOD 

oy 

(n  a  positive 

v2n-l 
o  u 

>.  2n- 1 

ay 


(3,1. 
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Then, 


Let  X 

AX 


Y  =  e2  v  . 

0  ,  AY  -  ^  Y 


(3.2) 


Bounds  on  the  derivatives  of  X  and  Y  will  be  found  from  the 

c2 

explicit  solution  of  the  Dirichlet  Problem  for  AX  -  -jp  X  =  0  in 

|  z  |  <  R  . 

First,  it  is  easily  seen  that  K  (^r)  ,  I  (£r)  cos  nQ  , 

y  ov2  n  2 

£ 

I  (p  r)sin  n0  ,  (n  >  l)  are  solutions  of  AX  -  — jj-  X  =  0  ,  where  (r,9) 
are  polar  coordinates  in  the  z-plane  with  origin  z  =  0  . 

Therefore,  KQ(p[r2  +  R2  -  2rR  cos  (9  -  )  is  also  a 

solution. 

Here,  I  (z)  ,  K  (z)  are  Bessel  functions  of  pure  imaginary  argument 
n  n 

[K  pp.  77-78]. 

K  (^r)  =  -  log  (pr)  -  7  +  0(r  log  r)  ,  for  r  small. 

Using  these  solutions  we  can  obtain  a  Green' s  function. 

LEMMA  3*  l!  Let  G(  Re^,  re^)  be  the  Green's  function  for  Au  -  ^p  u  =  0  ,* 
that  is  a  solution  of  the  equation  with  respect  to  r  and  0  in  |z|  <  a  , 
which  is  0  on  |z|  =  a  and  which  has  a  singularity  -  log  | PP*  j  for 
P  =  re^  near  P'  =  Re^  .  Then 


' 


( 
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G(  Re  rel9)  =  Ko(|[r2  +  R2  -  SRr  cos  (e-0)]1/2) 


Vf  3) 

I0(f  a) 


Vf  r)  Io(|  R) 


(3-3) 


00 


In(§  r) 


1  V2  ^ 


Kn(|  a)  lj§  R)  cos  n  (9-0) 


£ 
V 2 


where  R  <  a  . 

PROOFS  From  the  asymptotic  properties  of  and  it  is  clear  that  the 

above  series  converges  for  R  <  a  ,  and  it  can  be  differentiated  term  by 
term  any  number  of  times. 

So  the  above  G  is  a  solution  of  the  equation  and  it  obviously  has 
a  singularity  -  log  ;PPS  ;  . 

Next, 

G(  Re1,9,  ael9)  =  Ko(|[a2  +  R2  -  2aR  cos  (9-p)]1  0 

-  Vf a)  VfR) 

00 

-  2X  Vf  a)  VI  R)  C03  n(g-0)  • 

T1 

But  this  is  zero  by  [ ^+,  p.  $61] .  Q.E.D. 

2 

LEMMA  3.2S  If  AX  -  X  =  0  for  R  <  a  where  x  =  R  cos  ft  ,  y  =  R  sin  ft  , 

( 2) 

and  if  X  is  G  for  R  <  a  ,  then 


f(e)d©  (3.U) 


X(  Re 


^  _  JL 


2jt  r  i  (£  r) 

1  ox  2 


00 


2jt  , 


0 


+  2 


cos 


Io^2  a)  T"  Tn^2 


19 


for  R  <  a  ,  where  X(  ae  )  =  f , 0 )  . 


PROOF :  In  the  usual  manner,  we  can  express  X(Re1'^) 

over  the  boundary  of  |z  j  =  a  . 


X(Re^)  =  -  J2X(  aei@) 


^G(Re^,  re10) 

ar 


we  have 

dG(  Re^^re19) 

^r 


K1  (x) 

0 

“  Kl(x)  » 

I!  (x) 
0 

-2K* ( x) 
n 

K  (x) 

n-1 

+  K  , 
n+1 

21s  (x) 

1  ,(x) 

n-1 

+  1  i 

n+1 

~  (r-R  cos 

(0-0)) 

[R2+r2  -  2rR  cos  (©-0)]1/2 


K, 


£ 

2 


_c 

2 


Vg  a> 

Vi a) 


1/f  r)  IQ(|  R) 


00 


Vga>  ViR> 

Vi a) 


[i 


/  c 


n  - 1 v  2 


n  (e-p) 


by  means  of  an  integral 


d0 

r-a 

(x)  , 


P+rP-2rR  cos  (0-0)]  ^  ) 


r)  +  In+1(|’  r)]  cos  n(©-0). 


But,  [b,  p,  361] 
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a-R  cos  (9-0) 


[a2+Rf-2a£(  cos  (©-0)] 


—  Kx  (|  [a2+R2-2aR  cos  (9-0)] 1/2 ) 


00 


Ki<f  a>  yf R)  + )  y|  r>  k+M  a> 


Km  1^2  COS 


and  so 


I 


6g(  Re1^,  re1'9') 

6r 


r=a 


I  (f  r) 


£ 

2 


"O  2  '  frr  /  C 


c  .  [Ko(2  a>  Vi  a> 


1  (o  a) 

O  2 


K,(f  a)  I  (f  a)] 

1  £  O 


£ 

2 


00 


I  (r  R) 

n  2  ' 


1  n^2 


c  [Kn(f  a)  Xn  l(l  a)  +  Kn(?  a)  R*l(2  a) 
■J.  ;■£  av  n  2  n-i  2  n  2  n+i  2 


+  yt  a>  yyf a)  +  yt a)  yyi a^  “s  n  o- 


However,  [^,  p.  80] 


I  (x)  K  (x)  +  I  (x)  K  (x)  =  - 

nv  J  n+1  n+1  '  n 


x 


and  so 


.  ,  10  I©-, 

r)Gi  Re  'a  re  ) 

dr 


Jr=a 


1  r  1o(l R) 

a  1  yf  a> 


xn(f  R) 


1  yta> 


cos  n(9-0) 


Substituting  this  expression  into  our  initial  expression  for  X(  Re 1 ' ) 
we  get  Q0E<,D« 


We  can  obtain  some  interesting  corollaries  from  (3«^)  which  we  set 


down  here  even  though  they  will  not  be  used  subsequently.. 
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COROLLARY  3*1*  The  Mean  Value  Theorem. 


x(r=o) 


1 

2:1  Ioi'l  a^i! 


)d0  . 


( Obvious ) . 


COROLLARY  3*2:  The  Maximum  Principle. 


|X(R=0)  |  < 


Max  jX(ae10) 
Q 

Vf 


<  Max  |x(  ae1  ) 
0 


„2 

c 

ir  = 0  ’ 

then  X  =  0  . 

COROLLARY  3»^»  There  are  no  entire  solutions  bounded  at  infinity  of 
c2 

Au  -  -jj-  u  =  0  except  u  =  0  .  In  fact}  there  are  no  polynomial  solutions 
except  u  =  0  . 


COROLLARY  3*3*  If  X  is  a  solution  in  the  whole  plane  of  /hi  - 


and 


X  =  o 


for  R  large. 


Using  equation  (3*M  we  tan  now  obtain  expressions  for  the  derivatives 


of  X  . 


We  first  prove  the  following  lemma. 
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LEMMA  3.3: 


c*P(  I  (~  r )  cos  n@) 


n'Z 


by 


P 


.  x=y~o 


/ 


(-D2  P'.  (f)P 


J  i2")’-  i2-) 


0 


p  even  and  n  even 
and  p  >  n  >  0  . 

p  odd  or  n  odd  or 
p  <  n  „ 


c^(  I  (§■  r )  sin  n0) 

n  2 _ _ 

dyP 


x~y=o 


/  — 

'(-i)2  p-(i)p 


< 


(£f)'.  (*f) 


V 


0 


p  odd  and  n  odd  and 
p  >  n  >  0  . 

p  even  or  n  even  or 
p  <  n  . 


I  (~  r) 


o'2 


ay1 


x=y=o 


f 


0 


(f)P 


V 


[(f)1-  Is 


,  p  odd 


,  p  even  , 


where  x  =  r  cos  0  ,  y  =  r  sin  0 


proof: 


Take  the  last  relation  first  and  use  the  result  [k,  pp„  36O-361] 


00 


m 


“  I0(fx)l0(|y)+2>(-irim(fx)Iiii(iy)coSf 


Then  the  result  follows  immediately  since 


I  (x=o)  =  0  ,  (m  >  l)  and 

m  — 


i0(2  y)  = 


/ c\ 2m  2m 

\  y 


0 


(  ml ) ' 
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The  other  results  follow  in  the  same  manner  using 


00 


I  (—  r)  cos  n© 
n  2 


x)  Vf  + 


■l)m  cos  f  Im(f  y)  [Im+n(f  X)  + 


+  WH1  • 


I  ( ^  r )  sin  n© 
n  2  ' 


00 

y(-l)“.inf  XB(|y)  [Im+n(f  x)  - 


I  n(§  x)] 
m-n  d 


Q  o  E  o  D » 


LEMMA  3.4: 


For  r  >  1  , 


jf  S2""1  XtRe^l 

i 

|l  ^  i 

R=o 

f  a2r  X(Re1^) 

L  ay2r 

R=o 

<  7  (2r-l) 


^  (r-m)8.(r+m-l)'.  I2m_l(~) 


<  (2r)'.  y 


0  ( r-m) '.  (r+m)i 


where  M  =  Maximum  j  X(  ae^' 


As 


c 

before  we  are  assuming  that  AX  -  — jj-  X  =  0  in  R  <  a  and 


,(2) 


X  e  C  for  R  <  a  . 


PROOF:  i)  Differentiating  (3*4)  and  using  Lemma  3«3  we  get,  for  r  >  1  , 

n-1 


S2^1  X(Re^) 

ay2"’1  |R=o  “-0 


2® 
f(9). 


2r-l 


-1)  (2r-l)'.(f)‘ 


2r-l 


2r-l-n4„  ,2r+n-l< 


/  ,  ( ^ L  ~  L~’u\  o  / ^tu-iv ,  T  (  c as, 

n=l  V  2  J  *  v  2  V  2  ' 

t(n  odd) 


sin  n©>  d© 
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2rt 


/  r 


it , 


£(@) 


0 


(-l)m  ( 2r - 1 ) '.  (ff1'1 


wti  (r‘m)'  (r+m-1)'- 


s  in  (2m- l)0  }  d0 


and  so 


a2^1  xo^b 


dy‘ 


2r-l 


R^o 


2jt 


< 


(2r-l)l  (f) 


cx2r-l  r 


Tt 


0 


M | s in( 2m- 1 ) 0 | d0 


(r-m)'.  (m+r-l)1.  I-  A") 


2m- 1  2 


jt 


M(2r-1)'.  (£) 


2r-l 


l  (r-m)'.  ( m+r - 1 ) '.  I2m_1(”) 


n  2jt 

where  we  have  used  /  jsin  (2m- 

J0 


2jt 


Note  that  using  Schwarz9 s  inequality  on  /  f(@)  sin  (2m- 1)0  d0 


1/2 

gives  a  worse  result  since  2  '  jt  >  ■*+ 


0 


ii)  Again,  using  equation  (3*^)  and  Lemma  3*3»  we  get 


a2r  X(  Re 


ay 


2r 


R=o 


1  r  2n/(f)2r(2r) 


2r  f 


C\2r 


2jt  , 


0  l(rir  I0(f) 


n-2  2 

(n  even) 


(  -1 )  (2r )  *«  (^) 

(%r.(^n  xn(if)  j 


cos  n0 
ca  < 


f(0)  d0 


(f)2r(2r) 


2ir 


2ir 


0  t(r'.)2Io(f) 


+ 


(r-m)!  (r+m)".  IgJ—) 


f(0)  d0 


-  3i  - 


<  M(|)2r(2r) 


(r'.)2  Io(fa) 


_  k' 

c  \  ir 


1 


(r-m)'.  ( r+m) I^—)  j 


<  ^  M(^)2r  (2r)'. 


(r-m)  l  (r+m)'.  I p  (^jr) 


0 


2m 


Q.E.D. 


We  next  obtain  bounds  on  the  series 

r  1 
^  (r-m)  l  (m+r-l):  I2m_1(£|) 


and 


0 


(r-m)'.  (r+m)'. 


LEMMA  3.5: 


X(Re^) 

_  k  M [ ( 2r - 1 ) : ] 

•>.  2r-l 

—  jt  2r-l 

L 

R=o 

a 

[  JL  I  ( — )  1 

L  ac  lK  2  ’ J 


a2r  X(Re1'^ 

)  " 

,  h  M( 2r ) : 

ay2r 

R=o 

—  jr  2r 

a 

Vt> 


PROOF : 


i)  Consider  first 


Z_,  (r’m)*  (m+r-l):  I2m_1(~) 


(2r-l) 


I  (— ) 
2r-ll  2  J 


( 2r - 1 )  l  I2r^  (^) 

(r-m)l  (m+r-l):  I2m.1(^) 
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Now  from  [^,  p.  153l»  or  alternatively  from  the  power  series  for 

I  ( x)  for  x  real  and  n  >  0  , 

n  '  3 


I  0(x) 
n+2  1 

T“T7! 

n 


2{  n+l) 

2ln+l)  +  2(n+2) 


< 


X 


4( n+l) (n+2) 


Therefore 


1  (™) 

2r-lV  2' 

2m- 1V  2' 


(t  ) 


3(f) 

I  ( 

.  2r-5V  2 7 

I  (— ) 
2m+lv  2y 

1  ac\ 
31-) 

x  /  ac\ 

I2r-5(“) 

I  (™) 

2m- P  2 ' 

2r-2m 

(2m- 1)8. 

(2r-l) 


and  so 


(  r -m)  o  ( m+r - 1 )  1  Tg^C") 


< 


( 2m- l)l 


( 2r '  1 ) .  I2r„1(  2 '  l 


ac\  /  (r-m)l  (m+r-1^ 


1 1 


•  (f) 


2r-2m 


(2r-l)'. 


(t> 

1  +  li(2r-2)  * 


It 


(t) 

2 1 ( 2r -3 ) ( 2r -b) 


,  acx2r -2 

Vlf) 


( r-l) 


8  » 

o  jL  e 


i 


(2r-l)'.  X2r.1(^) 


r-l 


q=° 


fir) 


2q 


Or  ■ 


q»  [(2r-q-l) 


o  o  o  o 
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Now  in  the  general  term  of  the  above  series,  r-1  >  q  and  so 
2r  -  2q  >  2  . 

r-1 


Therefore 


/ acpq 

(v 


a c  [ ( 2r -q-1 ) . . . . ( 2r -2q ) ] 


< 


o 


< 


r-1  /ac^^ 

VT) 


( q+ 1 ) 


o 


00  (Z£\2q 

\  )i  / 


q-  ( q+i) • 


00  / 

VT”) 


o 


ac  ql  (q+l) 

o 


Thus  we  have 


—  I  (~) 
ac  1>  2 


< 


y*  (r-m)l  ( m+r - 1 ) !.  I2m.1(^) 


Il(f) 


ac 


(2r-l)’.  I^.^) 


and  so  from  Lemma  3»^s 


Vf) 


/ acv2r 


r52r'1  X(Re^) 


dy 


2r-l 


R=o 


k  I  (— ) 

V  2 


<  -  M(2r-l) 

"  Tt 


/ c\2r-l 
■  ) 


ac  ( 2r - 1 ) .  I2r_1(-2’) 


< 


4m  ( 2r - 1 ) l 


Lr  2  j 


m  a 


2r-l 


(¥•) 

'  4  ; 
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ii)  Now  consider 


1 


(2r)i  I2r(f) 


V  (r-m)#.(r+m)'.  1 2m(“) 


(2r)'.  o  (r+m)*  I2m(  ) 


Again,  as  before 


(2r)l  Igr(^) 

I  (™) 

2mV  2 


<  (*£) 


2r-2m 


(2m)". 


and  so 


o 


( r -m)  l  ( r+m) I2m(  “) 


< 

ac\  — 


(2r) 


!  I.  (“) 


2r  2 


2r-2m 


( ( 2m) 
(r-m)l  (r+m)’. 


o 


( 2r  ) 


I  (— ) 

2rV  2; 


/  ,  (^)2 

J  1  +  — — — 


+ 


(ff 


1'.  (2r-l)  2'.(2r-2)(2r-3) 


/  a C\ 
(~) 


2r 


r .  r . 


ac\ 

T’ 


2q 


( 2r ) 1  I2r(i|)  ^  q-  t(2r-q)  ...  (2r-2q+l)] 


< 


00 


(2r)l  I£r(^)  - 


(¥)2<I 


q.  q. 


(2r) 


v  i  (i£\ 
•  2r  2j 


/  ac\ 
Io(~) 


< 


/  ac\ 
/ acx2r 

V  J 


Q.E .  D. 
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[n] 

We  can  now  formulate  the  following  theorem  on  f  (0)  . 


THEOREM  3»1 •  If  f(z)  is  Z-monogenic  in  |z|  <  a  ,  with 


Z  = 


■cx 


-cx 


1 

1 


then  for  n  >  1  , 


1/2 


ft2nl(0)|  <  i  §4-M^(2n )'. 


it  2n 

a 


1/2 


ca 

2  ‘  T  / ac 


I  (— ) 
oV  2J 


f[2n'i](o)i  <  i 2 


ca 

2 


—  I  ( — ) 
a  c  V  2  '  * 


where  M(  f)  =  Maximum  |f(z)|  . 

(  U  l=a) 


Alternatively, 


f[nl(o)| 


mLlL 

n 

a 


(3-5) 


PROOF : 


Using  equations  (3»l)  and 


(3*2)  and  Lemma  3*5» 


1/2 


CXI  I  X 
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< 


7  ^  I „(^)  / 

l 


-cx  \2 


cx  \2 


0  x.  v  ^  ,  ,  Max  Ve  u /  +  Max  \  e  v 

ir  2n  ov  2 

a  1  1  z  I  =a 


z  =a 


< 


4  (,  2n )  l  /  ac' 


ca 


„  2n  6  2  UM(£)1  +  [M(  £)  1‘ 

a 


1/2 


ca 


=  -  S1/2  -l|2li  M(£)  e 1  2  1  Io(^)  . 


Jt 


a 


Similarly  we  get  the  bound  on  j f  '^n  ^(0)|  . 


In  the  final  result  (3«5)  we  have  used  the  fact  that 


I  (x)  <  I  (x)  . 


Q.E.D. 


COROLLARY  3*5 •  If  f(z)  is  Z-monogenic  in  |z-zq|  <  a  ,  then 


ftn)(2)l  <  -21/S  JC2l~'C*°l  !  (|£)  . 

o  —  Jt  n  o  2 

a 


From  the  bounds  obtained  on  j  a  *Z^  ( o’s  z)  j  and  jf^n^(o)|  the 


Generalized  Taylor  Theorem  follows  easily. 


THEOREM  3.2: 
-cx 


Z  = 


■cx 


Suppose  f(z)  is  Z-monogenic  in  [z|  <  a  ,  where 
Then 


f(z)  = 


00 


o 


^  •  z^n''(o;z) 


n. 


for  all  z  such  that  z  <  a  . 


1/2 


The  above  series  converges  absolutely  for  jzj  <  a  and  uniformly 
in  any  closed  bounded  circle  jzj  <  a-e  ,  (e  >  0). 


PROOFS  The  statements  on  convergence  follow  immediately  from  Theorem  2.2 
and  equation  (3. 5)* 


00  [n] 

Thus  ^  *  Z^n^(o;z)  is  Z-monogenic  for 


z  <  a  . 


o 


However,  Bers  and  Gelbart  have  shown  that 


f(  z) 


Z(n)(o,-z) 


n, 


o 


for  z  <  a<  a  .  Therefore 


«■)  -  l 


:(n)(o  -,z) 


'N 


IS 


a  function  which  is  Z-monogenic  in  jzj  <  a  and  equal  to  zero  in  some 
neighbourhood  of  the  origin.  Therefore  it  is  identically  zero  in  jzj  <  a 
Q. E . D. 


COROLLARY  3.6: 


If  f(z)  is  Z-monogenic  in  |z-z  |  <  a  , 

£(z)  =  ^  .  Z(  )(z0,-z)  . 

o 


then 


[n]  /  \ 

It  is  clear  of  course  that  the  bound  given  for  f  (0)  in 
Theorem  3»1  is  not.  the  best  possible.  The  proof  of  Lemma  3° 5  shows  that  the 

C  3 

factor  I0(~)  can  be  rePlace  by  a  factor  which  approaches  one  as  n 


approaches  infinity. 
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APPENDIX 


Theorem  1.2  can  be  extended  to  more  general  domains  by  a  proof  that 
merely  uses  integration  by  parts  and  not  series  expansions.  We  give  the 
result  here. 


THEOREM  A.l:  Let  f(z)  be  analytic  in  a  domain  each  of  whose  points  can 

be  joined  to  the  y-axis  by  a  segment  of  a  line  parallel  to  the  x-axis, 
such  segment  being  interior  to  the  domain.  Then  in  such  a  domain  T  ,  define 


ui-  £<*>+i 


cux 


d-u)1/2  u-i/2  du  r  i  cos  0  f '  (  y+2ix  [u(l-u)]  cos  0)  d0 


0 


0 


vi  ■  -f. 


-cux  , 
e  du 


^  1  /? 

f ’ ( y+2ix [u( 1-u) ]  '  cos 


o 


o 


Then,  e  u  =  v 

x  y 

-CX  .  r 

e  u  =  -v  ml 

y  x 


n  1  p  Tt  l/2 

ii)  u  =  —  /  eCUXdu  /  f ' ( y+2ix [u( 1-u) ]  cos  0)  d0 
d  J  0  J  0 


v 


2 


f(y) 


f 1  (  y+2ix  [u(l-u)]  cos  0)  d<0 


—  CX 

Then,  e  u  =  v 

x  y 

-cx  -p 

e  u  =  -v  mi 

y  x 


■ 


PROOF:  We  need  only  prove  i) 

s ince, 

regarding 

of  c  , 

u2(c)  =  - 

o 

1 

t— 1 
> 

v2(c)  = 

ux( -c) 

0 

Then,  dul(c) 

cx 

avx(  c) 

ax 

—  6 

ay 

aux( -c) 

-cx 

avx(  -c) 

01  ax 

—  e 

dv2(c) 

-cx 

au2( c) 

or  ax 

—  -  6 

ay 

au  ( 

-cx  2 

c) 

av2( c) 

or 


Sx 


dy 


Similarly, 


^u_ 
-cx  _ 2 

^x 


bv. 


Sy 


We  now  proceed  to  prove  i) .  (Call  =  u  ,  =  v) 


v  =  -  -  e'CUX  du  f  f"(y+2ix[u(  1-u)  l1/2 

y  *J0  J0 


cos 


p)  dp 


u 

X 


Tt  , 


e 


0 


CUX  (  l-u)1//2  u  du  ^  i  cos  ft  f '  (  y+2ix  [u(  1 -u)  ]  ^2  cos  ft)  Aft 


0 


tc 


—  I  eCUX(  1-u)  du  I  cos^ft  f"(  y+2ix  [u(  1-u)  ]  ^2  cos  ft)  Aft 

n  J  0 


+ 


cx 


I  ecux  (l-u)^2  u^2  du  r  i  cos  p  f '  (  y+2ix  [u(  1-u)  ]  cos  ft)  Aft 
0  J  0 


1 


-  bl  - 


_  -cx  1  f1  -ext  l/2 

So,  e  u  =  —  /  e  t7 

X  It  j  Q 


,v^ 


Jt 


dt  /  i  cos  p  f '  (  y+2ix  [t(  1- 1)  ]  cos  p)  dp 
J  0 


l/2 


X  e  CXt  t  dt  /  cos2  p  f"( y+2ix [t( 1- t) ]  cos  p)  dp 


+ 


it 


cx 

It  , 


0 


0 


^  e  CXt  t^  (  1- 1)  dt  i  cos  p  f '  (  y+2ix [t(l- 1)]  cos  p)dp 
0  y  0 


=  Fx  +  F2  +  F3 


where  we  have  made  the  substitution  t  =  1-u  . 


Now, 


Fi  =  *J  e 
0 


CXt  t1^  (  1-t)'1/2  dt  f  f'(y+2ix[t(l-t)]1//2  cos  p)  d(i  sin  p) 


0 


1  r 1  -ext  1/2.,  s-v^  r*. 

=  -  -  e  t  /  ( 1-t)  y  dt  /  1 

^0 


l/2 

sin  p(-2ix[t(l-t)]  sinp) 


f"(  y+2ix  [  t(  1- 1)  ]  ^Z2  cos  p)  dp 


[integration  by  parts] 


=  -  ~  f  e  CXt  t  dt  r  sin 2  p  f"(  y+2ix  [t(  1- 1)  ]  cos  p)  dp 
11  °0  ^  0 


so  that 


F  +  F 
1  2 


~  j  e  CXt  t  dt  J  f"(  y-i-2ix[t(  1-t)  ]  cos  p)dp 


-  k2  - 


Next,  integrating  by  parts  in  F  ,  we  get 

3 


F^  =  -  ~  j'  tVhl-t)1/  i  cos  p  f' ( y+2ix[t(  1-t)  ] '^  cos  p)dpTd(e  cxt^ 


0 


—  j  e  CXtdt  t  ^  (l-t)  "^(l-2t)  icosp  f  "(y+2ix  [t(  1- 1)  ]  ^  cos  p)dp 

*J0  1  ^0 


+  t^(l-t)^//  /  ( -x  cos^  p)  t  ^(l-t)  ( l-2t)  fM(  y+2ix[t(l-t)]  cosp)dpT 

^  0 


=  ~  f  e  CXt(l-2t)  t  ^(l-t)  ^dt  f  i  cos  p  f ' ( y+2ix [t( l-t) ] ^ cos  p)d p 


2jt 


0 


0 


1 


it 


X  1  (  l-2t)  e  CXt  dt  /  cos^  p  f"(  y+2ix[t(  l-t)  cos  p)  dp 


:rt 


0 


0 


1  /  -ext, 

W0e 


(  l-2t)  t  ^  (l-t)  ^  dt  f  (-i  sin  p)  ( 2ix  [t(  1- 1)]^^  sin  p) 


0 


fM( y+2ix [t( 1- t) ]  '  cos  p)  dp 


1/2 


(  l-2t)  e  CXt  dt  /  cos^  p  f"(  y+2ix  [ t(  1- 1)  ]  cos  p)  dp 


x 


0 


0 


1 


x  /  -ext 

"■V 


(l-2t)  dt  f"(y  +  2ix  [t(  1- 1 )  ]  ^^  cos  0)  ¥  . 
J  0 


So 


F1  +  F2  + 


=  -  ^  f  e  CXt  dt  f  f"(  y+2ix  [t(  l-t)  ]  cos  p)  dp 


0 


0 


That  is, 


-cx 

e  u  =  v 
x  y 


Now  also, 


-  h3  - 


u 

y 


f '  ( y ) 


£"( y+2ix [u(  1-u) ]  ^  cos 


V 

X 


-cux  , 
e  du 


0 


0 


f '  (  y+2ix  [u(  1-u)  ]  cos  ft)  d0 


i 


-cux  , 
e  du 


0 


0 


'H’  l/2  l/£ 

2i[u(l-u)]  '  cos  0  f"(  y  +  2ix[u(l-u)]  cos  0)dft 


+ 


u  du 


f'  (  y+2ix[u(  1-u)  ]  cos  0)  dft 


so  that 


CX  v  =  -  —  f  eCXt  1-t)  f  i  cos  f"(  y+2ix  [t(  1- 1)  ]  cos  </)dft 


X  trt 


0 


0 


si 


l  I  ecxt  /  f'  (  y+2ix[t(  1-t)  ]  cos  ft)  dft 
0  ^  0 


+  ^  eCXt  (1-t)  dt 


Si 


Jt 


f '  (  y+2ix  [ t(  1-t)  ]  cos  j$)  djZ) 


0 


0 


G  + 
1 


°2  + 


Now 


^  f  ( 1  - 1 )  d  (eCXt)  f  f'  (  y+2ix[t(  1-t)  cos  0)  dft 


0 


0 


l 

Si 


TC 


(l-t)  /  f *  (  y+2ix  [t(  1-t)] '  cos  0)  djZf  eCXt 

J  0 


1 

0 


1 


si 


+  —  I  eCXtdt  /  f '  (  y+2ix  [t(  1- 1)  ]  cos  jZO  dfi 


si 


0 


0 


1  /  ext 


n  it  1  -1/2  _]/2  ]/2 

e  (l-t)dt  /  2ix  cos  $  — t  (l-t)r  (l-2t)  f " (y +2ix  [t(l-t)]  cos  0)dft 

*J0  JQ  2 


kb  - 


1  ^  f '  (  y)  d ft  +  —  f  eCXt  dt  f  f ' ( y+2ix [t( 1- 1) ]  ^Z2 


Tt  ,7 


0 


jt , 


cos 


0 


0 


0)d0 


x 

ft , 


p  1 


0 


CXt(l-t)1//^t  ^  dt  (l-2t)  i  cos  ft  f"(  y+2ix [t( 1-t)  ]  ^Z2  cos  ^)d^ 


0 


so  that 


vg2=  eCXt 


( l-2t)( 1-t)1/2  t"1/2  dt  f  i  cos  0 

^  0 


•  f"( y+2ix [t( 1- t) ] l/2  cos  jZf)  d^  . 


Therefore, 


+  G^  -  -f ' ( y) 


cos 


0 


f"(  y+2ix  [t(  1  - 1 )  ] 1/ 


cos 


0)  40 


Thus 


cx 

e  v 

x 


-cx 

or  e  u  =  -v 

y  x 


The  above  procedure  is  valid  wherever  f(y+2ix[u  (1-u)] V  cos  ft)  is 

1  /o  1 

analytic  (0<u<l,  0<^<Jt).  Since  max  [u(  1-u)  ]  '  =  —  ,  the 

domain  T  will  satisfy  the  condition.  Q.E.D. 


COROLLARY  A.l:  The  formula  given  in  Theorem  1.1  for  the  solutions  of 

Au  -  cu  =0  and  Av  +  cv  =0  are  valid  in  T  „ 
x  x 


